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ON THE CAUCHY PROBLEM FOR THE PRESSURELESS EULER–NAVIER–STOKES
SYSTEM IN THE WHOLE SPACE
YOUNG-PIL CHOI AND JINWOOK JUNG
Abstract. In this paper, we study the global Cauchy problem for a two-phase fluid model consisting of
the pressureless Euler equations and the incompressible Navier–Stokes equations where the coupling of two
equations is through the drag force. We establish the global-in-time existence and uniqueness of classical
solutions for that system when the initial data are sufficiently small and regular. Main difficulties arise
in the absence of pressure in the Euler equations. In order to resolve it, we properly combine the large-
time behavior of classical solutions and the bootstrapping argument to construct the global-in-time unique
classical solutions.
1. Introduction
In the present work, we are interested in the global-in-time existence and uniqueness of classical solutions
and its large-time behavior for a coupled hydrodynamic system in the whole space. More precisely, the system
of our interest consists of the pressureless Euler equations and incompressible Navier–Stokes equations (in
short, pressureless ENS system), which are coupled via the drag force:
∂tρ+∇x · (ρu) = 0, x ∈ R
d, t > 0,
∂t(ρu) +∇x · (ρu⊗ u) = −ρ(u− v),
∂tv + (v · ∇x)v +∇xp− µ∆xv = ρ(u− v),
∇x · v = 0,
(1.1)
subject to initial data:
(ρ(x, 0), u(x, 0), v(x, 0)) = (ρ0(x), u0(x), v0(x)), x ∈ R
d. (1.2)
Here ρ = ρ(x, t) and u = u(x, t) represent the fluid density and velocity for the pressureless flow at a domain
(x, t) ∈ Rd × R+, respectively, and v = v(x, t) denote the fluid velocity for the incompressible flow. µ > 0 is
the viscosity coefficient, and throughout this paper, we set µ = 1 for simplicity.
Our main system is closely related to the kinetic-fluid models, in general multiphase flows, which have
received increasing attention due to its wide range of applications, for instances, including medicine, biotech-
nology, combustion in diesel engines, and atmospheric pollution [1, 2, 20, 23, 24]. To be more specific, at
the formal level, the pressureless ENS system (1.1) can be derived from the kinetic-fluid system consisting of
Vlasov–Navier–Stokes system with a strong local alignment force. Here we briefly outline the formal deriva-
tion. Let f = f(x, ξ, t) be the number density function of dispersed particles in phase space (x, ξ) ∈ Rd×Rd
at time t ∈ R+ and u = u(x, t) be the velocity of the incompressible flow. We then consider
∂tf
ε + ξ · ∇xf
ε +∇ξ · ((u
ε − ξ)f ε) =
1
ε
∇ξ · ((ξ − u
ε)f ε) ,
∂tv
ε + (vε · ∇x)v
ε +∇xp
ε −∆xv
ε = ρε(uε − vε),
∇x · v
ε = 0,
(1.3)
where ρε = ρε(x, t) and ρεuε = (ρεuε)(x, t) are local particle density and moment given by
ρε =
∫
Rd
f dξ and ρεuε =
∫
Rd
ξf dξ,
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respectively. Here the term on the right hand side of the kinetic equation in (1.3) is often called the local
alignment force; it produces the dissipation term for the kinetic energy. Moreover, at the formal, it follows
from the kinetic equation in (1.3) that ρε and ρεuε satisfy
∂tρ
ε +∇x · (ρ
εuε) = 0,
∂t(ρ
εuε) +∇x · (ρ
εuε ⊗ uε) +∇x ·
(∫
Rd
(ξ − uε)⊗ (ξ − uε)f dξ
)
= −ρε(uε − vε),
∂tv
ε + (vε · ∇x)v
ε +∇xp
ε −∆xv
ε = ρε(uε − vε),
∇ · vε = 0.
Even though the above system is not closed, under the strong local alignment regime, i.e., ε ≪ 1, we have
the monokinetic ansatz from (1.3):
f ε(x, v, t) dxdv ≃ ρε(x, t) dx ⊗ δuε(x,t)(dv).
This formal observation leads to the pressureless ENS system (1.1). There have been some results concerning
hydrodynamic limit from the kinetic-fluid models to two-phase fluid systems. In [3, 11, 12, 15, 16, 22], the
asymptotic analysis for the Vlasov–Fokker–Planck equation coupled with the incompressible/compressible
Navier–Stokes equations are discussed. In these works, the relative entropy method is used, and thus the
presence of the diffusion term in the kinetic equation is important. This gives the convexity of the total
macroscopic energy and enables us to handle the strong coupling between kinetic and fluid equations. More
recently, in [13], the hydrodynamic limit for the Vlasov–Poisson–Navier–Stokes equations is investigated
and the pressureless Euler–Poisson–Navier–Stokes equations are rigorously derived under the strong local
alignment force regime.
The global existence of classical solutions and its large-time behavior for the pressureless Euler-type
system coupled with the incompressible/compressible Navier–Stokes system are investigated in [10, 17] in
the periodic domain Td. Due to the absence of the pressure term in the Euler system, it is not clear to
estimate the fluid density in the desired Sobolev space. In fact, it is well-known that the pressureless Euler-
type equations develop a finite-time formation of singularities, for instance δ-shock [4, 5, 6, 14, 17, 19]. In
order to resolve it, the large-time behavior estimate combined with the a priori estimate is used in those
works. To be more specific, by introducing a Lyapunov functional, the exponential decay of L2-norm of the
pressureless fluid velocity u can be obtained. This together with an appropriate higher-order L2-Sobolev
norm of u asserts the exponential decay of ‖∇xu‖Hs(Td) in time. From this, we can bound the fluid density ρ
from both above and below by some positive constant, which is independent of time. This requires a rather
different regularity for ρ and u for instance, ρ ∈ C([0,+∞);Hs(Td)) and u ∈ C([0,+∞);Hs+2(Td)) for some
s > 0. However, in this strategy, the Poincare´ inequality is crucially used, and thus it is not clear to extend
this idea to Cauchy problems in the whole space. On the other hand, for the coupled isothermal Euler
and incompressible/compressible Navier–Stokes system, the large-time behavior estimate is not necessarily
required for the global-in-time regularity [7, 8].
The main purpose of the current work is to develop a global existence theory for the pressureless ENS
system (1.1). We employ similar ideas to that for the periodic domain case [10, 17] to construct the global-
in-time classical solutions. We use a recent work [18], where the large-time behavior for the Vlasov–Navier–
Stokes system in the whole space is discussed, to have the L2-decay estimate of solutions in the whole space.
In particular, this shows a polynomial decay of kinetic energies for each system in (1.1). This combined
with our careful analysis enables us to have the decay estimate in higher-order Sobolev spaces; we obtain
the same decay rate as the lower order estimate. Here, a proper combination of the drag forcing effect and
the smoothing effect from the viscosity in the Navier–Stokes system is significantly used. Although we can
not expect the exponential decay for our system in the whole space but only the polynomial decay rate,
it is enough to have the uniform-in-time bound estimates for the fluid density. Combining these estimates
and the standard bootstrapping argument gives the global-in-time existence and the large-time behavior of
classical solutions to the system (1.1).
More precisely, we state our main theorem.
Theorem 1.1. Let d ≥ 3 and s ≥ 2[d/2]1+ 1. Suppose that the initial data (ρ0, u0, v0) satisfy
(i) ρ0(x) > 0 for every x ∈ R
d and
1[ · ] represents the floor function, i.e., [x] is the greatest integer less than or equal to x ∈ R.
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(ii) (ρ0, u0, v0) ∈ (L
1 ∩Hs)(Rd)×Hs+2(Rd) ∩ (L1 ∩Hs+1)(Rd).
If
‖ρ0‖Hs(Rd) + ‖u0‖Hs+2(Rd) + ‖v0‖Hs+1(Rd) + ‖v0‖L1(Rd) < ε0
for ε0 sufficiently small, the Cauchy problem (1.1)-(1.2) has a unique global classical solution (ρ, u, v) ∈
C([0,+∞);Hs(Rd)) × C([0,+∞);Hs+2(Rd)) × C([0,+∞);Hs+1(Rd)) satisfying ρ(x, t) > 0 for all (x, t) ∈
Rd × [0,+∞) and
sup
t≥0
(
‖ρ(·, t)‖Hs(Rd) + ‖u(·, t)‖Hs+2(Rd) + ‖v(·, t)‖Hs+1(Rd)
)
<∞.
Moreover, for every α ∈ (0, d/2) there exists a constant C > 0 independent of t such that
‖u(·, t)‖2Hs+1(Rd) + ‖v(·, t)‖
2
Hs(Rd) ≤
C
(1 + t)α
∀ t ≥ 0.
Remark 1.1. Due to the absence of the pressure in Euler equation in (1.1), we can not have time decay
estimate of the fluid density ρ.
The rest of this paper is organized as follows. In Section 2, we briefly present some useful Sobolev
inequalities and a priori energy estimates for the system (1.1). We also state the local-in-time existence
theory which can be established by the standard arguments developed for conservation laws types. Section
3 is devoted to present the time decay estimate of the total energy for the system (1.1). As mentioned
before, we use the strategy recently developed in [18]. We slightly modify the time behavior estimate to
apply it to our main system (1.1). Finally, in Section 4, we provide the a priori estimates of solutions in the
weighted Sobolev spaces by (1 + t)r with some r > 0. These estimates yield that the local-in-time classical
solutions can be extended to the global ones. Using these global solutions, we refine the weighted Sobolev
space estimates to establish the large-time behavior estimates with the desired polynomial decay rate. This
proves Theorem 1.1.
Before closing this section, we introduce several notations used throughout this paper. For a function
f = f(x), ‖f‖Lp represents the usual L
p(Rd)-norm. For simplicity, we omit x-dependence of differential
operators, i.e., ∇f := ∇xf and ∆f := ∆xf . We denote by C a generic positive constant and it may differ
from line to line. Finally, f . g represents that there exists a positive constant C > 0 such that f ≤ Cg.
2. Preliminaries
In this section, we provide useful Sobolev inequalities and conservation laws for the pressureless ENS
system (1.1) that will be significantly used later. We also state the local-in-time existence and uniqueness
theorem.
We first recall the Moser-type inequalities.
Lemma 2.1. (i) For any pair of functions f, g ∈ (Hk ∩ L∞)(Rd), we obtain
‖∇k(fg)‖L2 ≤ C
(
‖f‖L∞‖∇
kg‖L2 + ‖∇
kf‖L2‖g‖L∞
)
.
Furthermore, if ∇f ∈ L∞(Rd), we have
‖∇k(fg)− f∇kg‖L2 ≤ C
(
‖∇f‖L∞‖∇
k−1g‖L2 + ‖g‖L∞‖∇
kf‖L2
)
.
Here C > 0 only depends on k and d.
(ii) For f ∈ H [d/2]+1(Rd), we have
‖f‖L∞ ≤ C‖∇f‖H[d/2] .
We next provide estimates of the mass and the total momentum, and the energy dissipation of the system
(1.1). Since the proof is almost the same as [17, Lemma 2.1], see also [7, 8, 9], we omit it here.
Lemma 2.2. Let (ρ, u, v) be a solution to the system (1.1) with sufficient integrability. Then we have
(i) The total mass of ρ is conserved in time:∫
Rd
ρ(x, t) dx =
∫
Rd
ρ0(x) dx ∀ t ≥ 0.
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(ii) The total momentum is conserved in time:∫
Rd
(ρu)(x, t) dx +
∫
Rd
v(x, t) dx =
∫
Rd
(ρ0u0)(x) dx +
∫
Rd
v0(x) dx ∀ t ≥ 0.
(iii) The total energy is not increasing in time:
1
2
∫
Rd
ρ(x, t)|u(x, t)|2 dx+
1
2
∫
Rd
|v(x, t)|2 dx
+
∫ t
0
(∫
Rd
|∇v(x, τ)|2 dx+
∫
Rd
ρ(x, τ)|(u − v)(x, τ)|2 dx
)
dτ
=
1
2
∫
Rd
ρ0(x)|u0(x)|
2 dx+
1
2
∫
Rd
|v0(x)|
2 dx ∀ t ≥ 0.
For the sake of notational simplicity, we set a total energy E and its dissipation rate D:
E(t) :=
∫
Rd
ρ(x, t)|u(x, t)|2 dx+
1
2
∫
Rd
|v(x, t)|2 dx
and
D(t) :=
∫
Rd
|∇v(x, t)|2 dx+
∫
Rd
ρ(x, t)|(u − v)(x, t)|2 dx,
respectively.
Finally, in the theorem below, we present the local-in-time existence and uniqueness of classical solutions
to our main system (1.1).
Theorem 2.1. Let d ≥ 3 and s ≥ 2[d/2]+1. Suppose that the initial data (ρ0, u0, v0) satisfy the assumptions
(i) and (ii) in Theorem 1.1. Then for any positive constants ǫ0 < δ0, there exists a positive constant T0
depending only on ǫ0 and δ0 such that if
‖ρ0‖Hs + ‖u0‖Hs+2 + ‖v0‖Hs+1 + ‖v0‖L1 < ǫ0,
then the pressureless ENS system (1.1)-(1.2) admits a unique solution
(ρ, u, v) ∈ C([0, T0];H
s(Rd))× C([0, T0];H
s+2(Rd))× C([0, T0];H
s+1(Rd))
satisfying ρ(x, t) > 0 for all (x, t) ∈ Rd × [0, T0] and
sup
0≤t≤T0
(‖ρ(·, t)‖Hs + ‖u(·, t)‖Hs+2 + ‖v(·, t)‖Hs+1) ≤ δ0.
The study of local-in-time existence theory for each equation in (1.1) is by now well-developed in the Hs
Sobolev space. Thus we skip the proof of the above theorem. We refer to [10, 17] for the readers who are
interested in it.
3. A priori estimate of the large-time behavior of solutions
In this section, we present a priori estimate of the time behavior of solutions to the pressureless ENS
system (1.1). For this, we first investigate the large-time behavior of solutions to the heat equation.
Lemma 3.1. Let V be a solution to the heat equation on Rd:
∂tV −∆V = 0 with V |t=0 = v0. (3.1)
Then, we have
‖V (·, t)‖2L2 ≤
C(‖v0‖
2
L2 + ‖v0‖
2
L1)
(1 + t)d/2
∀ t ≥ 0,
where C is independent of v0 and t.
Proof. By taking the Fourier transform of (3.1), we find
∂tV̂ (ξ, t) + |ξ|
2V̂ (ξ, t) = 0,
and subsequently solving the above differential equation implies
V̂ (ξ, t) = V̂0(ξ)e
−|ξ|2t.
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We next estimate L2-norm of V̂ . Based on the proof in [21], we set
r(t) :=
(
d
2(1 + t)
)1/2
.
Then we obtain
1
2
d
dt
‖V̂ ‖2L2 = −
∫
Rd
|ξ|2|V̂ |2 dξ
= −
∫
{ξ∈Rd:|ξ|≥r(t)}
|ξ|2|V̂ |2 dξ −
∫
{ξ∈Rd:|ξ|≤r(t)}
|ξ|2|V̂ |2 dξ
≤ −
d
2(1 + t)
∫
{ξ∈Rd:|ξ|≥r(t)}
|V̂ |2 dξ −
∫
{ξ∈Rd:|ξ|≤r(t)}
|ξ|2|V̂ |2 dξ
= −
d
2(1 + t)
‖V̂ ‖2L2 +
∫
{ξ∈Rd:|ξ|≤r(t)}
(
d
2(1 + t)
− |ξ|2
)
|V̂ |2 dξ.
(3.2)
Since
|V̂ (ξ, t)| = |V̂0(ξ)|e
−|ξ|2t ≤ ‖v0‖L1e
−|ξ|2t,
this yields ∫
{ξ∈Rd:|ξ|≤r(t)}
(
d
2(1 + t)
− |ξ|2
)
|V̂ |2 dξ ≤
d
2(1 + t)
∫
{ξ∈Rd:|ξ|≤r(t)}
|V̂ |2 dξ
≤
C‖v0‖
2
L1
2(1 + t)
∫
r(t)
0
τd−1e−2τ
2t dτ
≤
C‖v0‖
2
L1
2(1 + t)
(r(t))d
≤
C‖v0‖
2
L1
(1 + t)d/2+1
,
where C is independent of t and V . Combining this with (3.2) gives
d
dt
(
(1 + t)d‖V̂ (·, t)‖2L2
)
≤ C‖v0‖
2
L1(1 + t)
d/2−1.
We then integrate it over the time interval [0, t] to have
‖V̂ (·, t)‖2L2 ≤
‖V̂0‖
2
L2
(1 + t)d
+ C‖v0‖
2
L1
(1 + t)d/2 − 1
(1 + t)d
≤
C
(
‖V̂0‖
2
L2 + ‖v0‖
2
L1
)
(1 + t)d/2
.
Finally, we use Plancherel’s Theorem to conclude the desired result. 
Next, we study a priori estimate for the large-time behavior of solutions to the system (1.1).
Proposition 3.1. For T > 0 and d ≥ 3, let (ρ, u, v) be a classical solution to the pressureless ENS system
(1.1) on the time interval [0, T ] satisfying ‖ρ‖L∞(Rd×(0,T )) < ∞. Then, there exists a constant C > 0
independent of T such that for every α ∈ (0, d/2),
E(t)(1 + t)α +
∫ t
0
(1 + τ)αD(τ) dτ ≤ C(E(0) + ‖v0‖
2
L1) ∀ t ∈ [0, T ]. (3.3)
Proof. Since the proof is almost the same as [18, Theorem 2.1], we only provide the sketch of proof. We
notice from Lemma 2.2 that
d
dt
E(t) +D(t) = 0. (3.4)
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We then estimate the lower bound of the dissipation term D(t). Introducing a continuous cutoff g(t), which
is bounded uniformly in t and will be specified later, we estimate∫
Rd
|∇v|2 dx =
∫
Rd
|ξ|2|v̂|2 dξ
≥
∫
{ξ∈Rd:|ξ|≥g(t)}
|ξ|2|v̂|2 dξ
≥ g2(t)
∫
Rd
|v|2 dx− g2(t)
∫
{ξ∈Rd:|ξ|≤g(t)}
|v̂|2 dξ,
where we used Plancherel’s Theorem. Moreover, we obtain∫
Rd
ρ|u− v|2 dx ≥
1
2
∫
Rd
ρ|u|2 dx− ‖ρ‖L∞(Rd×(0,T ))‖v‖
2
L2 .
We next choose a constant C0 > 0 such that
‖ρ‖L∞
1 + C0
≤
1
2
and
‖g‖2L∞
1 + C0
≤
1
2
.
This gives
D(t) ≥
1
2
D(t) + g˜(t)2E(t)−
g2(t)
2
∫
{ξ∈Rd:|ξ|≤g(t)}
|v̂|2 dξ,
where g˜(t)2 := g2(t)/(4(1 + C0)). Combining this with (3.4), we obtain
E(t) +
∫ t
s
g˜2(τ)E(τ) dτ +
1
2
(∫ t
s
D(τ) dτ
)
≤ E(s) +
1
2
∫ t
s
g2(τ)
∫
{ξ∈Rd:|ξ|≤g(τ)}
|v̂(ξ, τ)|2 dξdτ (3.5)
for 0 ≤ s ≤ t ≤ T . Now, we set F := ρ(u − v), and let V be the solution of the heat equation (3.1)
corresponding to the initial data V (x, 0) = v0(x). Then, applying Duhamel’s formula to the incompressible
Navier–Stokes equations in (1.1) yields
v̂(ξ, τ) = V̂ (ξ, τ) +
∫ τ
0
(−v̂ · ∇v − ∇̂p+ F̂ )(ξ, r)e|ξ|
2(r−τ) dr.
On the other hand, the incompressibility condition implies
|∇̂p| =
∣∣∣∣∣ξ · (−v̂ · ∇v + F̂ )|ξ|2 ξ
∣∣∣∣∣ ≤ ∣∣∣−v̂ · ∇v + F̂ ∣∣∣ ,
and thus we get∫
{ξ∈Rd:|ξ|≤g(τ)}
|v̂(ξ, τ)|2 dξ
≤ C
(
‖V (·, τ)‖2L2 + g(τ)
d+2
(∫ τ
0
‖v(·, r)‖2L2 dr
)2
+ g(τ)d
(∫ τ
0
‖ρ(u− v)(·, r)‖L1 dr
)2)
,
where C > 0 is independent of T . This together with (3.5) gives
E(t) +
∫ t
s
g˜2(τ)E(τ) dτ +
1
2
(∫ t
s
D(τ) dτ
)
≤ E(s) + C
∫ t
s
g2(τ)‖V (·, τ)‖2L2 dτ + C
∫ t
s
g(τ)d+4
(∫ τ
0
‖v(·, r)‖2L2 dr
)2
dτ
+ C
∫ t
s
gd+2(τ)
(∫ τ
0
‖ρ(u− v)(·, r)‖L1 dr
)2
dτ.
Since
‖ρ(u− v)‖L1 ≤ ‖ρ‖
1/2
L1
(∫
Rd
ρ|u− v|2 dx
)1/2
=
(∫
Rd
ρ|u− v|2 dx
)1/2
,
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we use Gro¨nwall-type lemma in [18, Lemma 2.2] to deduce
E(t) exp
(∫ t
0
g˜2(τ) dτ
)
+
1
2
∫ t
0
D(τ) exp
(∫ τ
0
g˜2(r) dr
)
dτ
≤ E(0) + C
∫ t
0
g2(τ)‖V (·, τ)‖2L2 exp
(∫ τ
0
g˜2(r) dr
)
dτ
+ C
∫ t
0
gd+4(τ)
(∫ τ
0
‖v(·, r)‖2L2 dr
)2
exp
(∫ τ
0
g˜2(r) dr
)
dτ
+ C
∫ t
0
gd+2(τ)
(∫ τ
0
D1/2(r) dr
)2
exp
(∫ τ
0
g˜2(r) dr
)
dτ.
(3.6)
Now, we further choose g satisfying
g2(t) =
4α(1 + C0)
1 + t
, i.e., g˜2(t) =
α
10 + t
,
where α ∈ [1, d/2) to be determined later. This gives
exp
(∫ τ
0
g˜2(r) dr
)
= (10 + τ)α,
and we use Lemma 3.1 to get
E(0) + C
∫ t
0
g2(τ)‖V (·, τ)‖2L2 exp
(∫ τ
0
g˜2(r) dr
)
dτ
≤ C
(
E(0) + (‖v0‖L2 + ‖v0‖
2
L1)
∫ t
0
(1 + τ)−(1+d/2)+α dτ
)
≤ C
(
E(0) + ‖v0‖
2
L1
)
.
Here C > 0 is independent of T . To get the desired result, we prove some a priori estimates. First, assume
that for some β ∈ [0, d/2),
E(t) ≤
C(E(0) + ‖v0‖
2
L1)
(1 + t)β
∀ t ∈ [0, T ].
Then, under this a priori assumption, we estimate the third term on the right hand side of the inequality
(3.6) as ∫ t
0
gd+4(τ)
(∫ τ
0
‖v(·, r)‖2L2 dr
)2
exp
(∫ τ
0
g˜2(r) dr
)
dτ
≤ C(E(0) + ‖v0‖
2
L1)
∫ t
0
(1 + τ)α−2β−d/2 dτ
≤ C(E(0) + ‖v0‖
2
L1)×
{
(1 + t)α−2β−d/2+1 if α− 2β − d/2 > −1,
1 if α− 2β − d/2 < −1.
(3.7)
Moreover, if we assume that∫ τ
0
D(τ)(10 + τ)α ≤ C(E(0) + ‖v0‖
2
L1)
(10 + t)α
(1 + t)β
∀ t ∈ [0, T ],
then we have ∫ t
0
gd+2(τ)
(∫ τ
0
D1/2(r) dr
)2
exp
(∫ τ
0
g˜2(r) dr
)
dτ
≤ C
∫ t
0
(1 + τ)α−d/2−1
[∫ τ
0
D(r)(10 + r)α dr
] [∫ τ
0
(1 + r)−α dr
]
dτ
≤ C(E(0) + ‖v0‖
2
L1)
∫ t
0
(1 + τ)2α−β−d/2−1 dτ
≤ C(E(0) + ‖v0‖
2
L1)×
{
(1 + t)2α−β−d/2 if 2α− β − d/2 > 0,
1 if 2α− β − d/2 < 0.
(3.8)
8 CHOI AND JUNG
Note that (3.4) implies that (3.7) and (3.8) actually hold for α = 1 and β = 0. From now on, we first let
α = 1 and β = 0 in (3.7), (3.8) and follow the procedure based on the inductive argument in [18, Theorem
2.1]. We can construct sequences αn and βn such that (3.7) and (3.8) hold with α = αn and β = βn for each
n ∈ N, and αn → d/2 and βn → (d/2)(1− ε)/(1+ ε) for any ε > 0 as n→∞. This completes the proof. 
4. Proof of Theorem 1.1
4.1. A priori estimates. In this part, we provide the a priori estimates for the global-in-time existence of
classical solutions. Let T > 0, d ≥ 3, and s ≥ 2[d/2] + 1. Throughout this subsection, we assume that for a
sufficiently small ε1 > 0,
X(s;T ) := sup
0≤t≤T
(
‖ρ(·, t)‖2Hs + ‖u(·, t)‖
2
Hs+2 + ‖v(·, t)‖
2
Hs+1
)
≤ ε21 ≪ 1.
We denote by
X0(s) := ‖ρ0‖
2
Hs + ‖u0‖
2
Hs+2 + ‖v0‖
2
Hs+1 .
Our main goal of this subsection is to prove the following uniform-in-time estimate.
Proposition 4.1. For T > 0, suppose that ε1 > 0 is sufficiently small satisfying
X(s;T ) + ‖v0‖
2
L1 ≤ ε
2
1.
Then, there exists a constant C∗ > 0 independent of T such that
X(s;T ) ≤ C∗
(
X0(s) + ‖v0‖
2
L1
)
.
We provide uniform-in-time estimates in the following order:
(i) L∞(0, T ;L2(Rd)) estimate of u (Lemma 4.1).
(ii) L2(Rd × (0, T )) estimate of (1 + t)r∇ku for 1 ≤ k ≤ s+ 1 and r ∈ (0, 3/4) (Lemma 4.2).
(iii) L∞(0, T ;L2(Rd)) estimate of (1+t)r∇kv and L2(Rd×(0, T )) estimate of (1+t)r∇k+1v for 1 ≤ k ≤ s
and r ∈ (0, 3/4) (Lemma 4.3).
(iv) L∞(0, T ;L2(Rd)) estimates of ∇s+1v and ∇s+2u (Lemmas 4.4 and 4.5).
(v) L∞(0, T ;Hs(Rd)) estimates of ρ (Lemma 4.6).
We proceed to the first step.
Lemma 4.1. There exists a constant C > 0 independent of T such that
‖u(·, t)‖2L2 +
∫ t
0
‖u(·, τ)‖2L2 dτ ≤ C
(
X0(s) + ‖v0‖
2
L1
)
.
Proof. Direct computation gives
1
2
d
dt
‖u‖2L2 + ‖u‖
2
L2 =
1
2
∫
Rd
(∇ · u)|u|2 dx+
∫
Rd
u · v dx
≤ C‖∇u‖L∞‖u‖
2
L2 + ‖u‖L2‖v‖L2
≤
(
1
4
+ C‖∇u‖L∞
)
‖u‖2L2 + ‖v‖
2
L2
≤
(
1
4
+ Cε1
)
‖u‖2L2 + ‖v‖
2
L2.
We then choese ε1 sufficiently small so that 1/4 + Cε1 <
1
2 to get
‖u(·, t)‖2L2 +
∫ t
0
‖u(·, τ)‖2L2 dτ ≤ ‖u0‖
2
L2 + 2
∫ t
0
‖v(·, τ)‖2L2 dτ.
On the other hand, Proposition 3.1 with the choice α > 1 implies∫ t
0
‖v(·, τ)‖2L2 dτ ≤ C(E(0) + ‖v0‖
2
L1)
∫ t
0
(1 + τ)−α dτ ≤ C(E(0) + ‖v0‖
2
L1).
This together with the fact E(0) ≤ CX0(s) concludes the desired result. 
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Lemma 4.2. For r ∈ (0, 3/4) and 1 ≤ k ≤ s+ 1, there exists a constant C > 0 independent of T such that
‖(1 + t)r∇ku(·, t)‖2L2 +
∫ t
0
‖(1 + τ)r∇ku(·, τ)‖2L2 dτ ≤ C
(
‖∇ku0‖
2
L2 +
∫ t
0
‖(1 + τ)r∇kv(·, τ)‖2L2 dτ
)
.
Proof. From the momentum equation in the pressureless Euler equation in (1.1), we can get
∂t
(
(1 + t)r∇ku
)
+ (1 + t)r∇k(u · ∇u) = (1 + t)r∇k(v − u) + r(1 + t)r−1∇ku.
With r + 1/8 ∈ (1/8, 7/8) in mind, we use Young’s inequality to obtain
1
2
d
dt
‖(1 + t)r∇ku‖2L2
= −(1 + t)2r
∫
Rd
(
u · ∇(∇ku)
)
∇ku dx− (1 + t)2r
∫
Rd
(
∇k(u · ∇u)− u · ∇(∇ku)
)
∇ku dx
− (1 + t)2r‖∇ku‖2L2 + (1 + t)
2r
∫
Rd
∇ku∇kv dx+ r(1 + t)2r−1‖∇ku‖2L2
≤ C‖∇u‖L∞‖(1 + t)
r∇ku‖2L2 − (1 + t)
2r‖∇ku‖2L2 + (7/8− r)(1 + t)
2r‖∇ku‖2L2
+ C‖(1 + t)r∇kv‖2L2 + r(1 + t)
2r−1‖∇ku‖2L2
≤ C‖∇u‖L∞‖(1 + t)
r∇ku‖2L2 −
(
(r + 1/8)(1 + t)− r
1 + t
)
‖(1 + t)r∇ku‖2L2 + C‖(1 + t)
r∇kv‖2L2
≤ −(1/8− Cε1)‖(1 + t)
r∇ku‖2L2 + C‖(1 + t)
r∇kv‖2L2 ,
where C > 0 is independent of T . Here, we can choose ε1 sufficiently small so that 1/8−Cε1 > 1/16. Thus,
we integrate the previous relation with respect to t to get the desired result. 
Next, we get the uniform-in-time estimate for v.
Lemma 4.3. For r ∈ (0, 3/4) and 1 ≤ k ≤ s, there exists a constant C > 0 independent of T such that
‖(1 + t)r∇kv(·, t)‖2L2 +
∫ t
0
‖(1 + τ)r∇k+1v(·, τ)‖2L2 dτ
≤ ‖∇kv0‖
2
L2 + C
k∑
ℓ=1
(∫ t
0
‖(1 + τ)r∇ℓu(·, τ)‖2L2 dτ +
∫ t
0
‖(1 + τ)r∇ℓv(·, τ)‖2L2 dτ
)
.
Proof. We deduce from the Navier–Stokes equations in (1.1) that
1
2
d
dt
‖(1 + t)r∇kv‖2L2 + ‖(1 + t)
r∇k+1v‖2L2
= −(1 + t)2r
∫
Rd
(
∇k(v · ∇v)− v · ∇(∇kv)
)
∇kv dx+ r(1 + t)2r−1‖∇kv‖2L2
− (1 + t)2r
∫
Rd
∇k−1(ρ(u− v))∇k+1v dx
≤ C‖∇v‖L∞‖(1 + t)
r∇kv‖2L2 +
r
1 + t
‖(1 + t)r∇kv‖2L2
+ C(1 + t)2r
∑
0≤ℓ≤k−1
∫
Rd
|∇k−1−ℓρ||∇ℓ(u − v)||∇k+1v| dx.
On the other hand, we estimate(∫
Rd
|∇k−1−ℓρ|2|∇ℓ(u− v)|2 dx
)1/2
≤
{
‖∇k−1−ℓρ‖L∞‖∇
ℓ(u− v)‖L2 for |k − 1− ℓ| ≤ [d/2],
‖∇k−1−ℓρ‖L2‖∇
ℓ(u− v)‖L∞ for |k − 1− ℓ| ≥ [d/2] + 1.
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This together with applying Lemma 2.1 (ii) gives
C(1 + t)2r
∑
0≤ℓ≤k−1
∫
Rd
|∇k−1−ℓρ||∇ℓ(u− v)||∇k+1v| dx
≤ C
∑
1≤ℓ≤k
‖(1 + t)r∇ℓ(u − v)‖2L2 +
1
2
‖(1 + t)r∇k+1v‖2L2.
Hence we have
d
dt
‖(1 + t)r∇kv‖2L2 + ‖(1 + t)
r∇k+1v‖2L2 ≤ C
k∑
ℓ=1
(
‖(1 + t)r∇ℓu‖2L2 + ‖(1 + t)
r∇ℓv‖2L2
)
,
and our desired result directly follows from the above estimate. 
Then we combine two previous lemmas to yield the following uniform-in-time estimates.
Corollary 4.1. For r ∈ (0, 3/4), there exists a constant C > 0 independent of T such that
‖(1 + t)r∇u(·, t)‖2Hs + ‖(1 + t)
r∇v(·, t)‖2Hs−1
+
∫ t
0
‖(1 + τ)r∇u(·, τ)‖2Hs dτ +
∫ t
0
‖(1 + τ)r∇v(·, τ)‖2Hs dτ
≤ C
(
X0(s) + ‖v0‖
2
L1
)
.
Proof. We proceed by induction to show that
‖(1 + t)r∇u(·, t)‖2Hℓ + ‖(1 + t)
r∇v(·, t)‖2Hℓ−1
+
∫ t
0
‖(1 + τ)r∇u(·, τ)‖2Hℓ dτ +
∫ t
0
‖(1 + τ)r∇v(·, τ)‖2Hℓ dτ
≤ C
(
X0(s) + ‖v0‖
2
L1
) (4.1)
for 1 ≤ ℓ ≤ s, where C > 0 is independent of T . Let us first show that (4.1) holds with ℓ = 1. It follows
from Proposition 3.1 that∫ t
0
‖(1 + τ)r∇v(·, τ)‖2L2 dτ ≤ C
(
E(0) + ‖v0‖
2
L1
)
≤ C
(
X0(s) + ‖v0‖
2
L1
)
. (4.2)
Then we combine (4.2) with Lemma 4.2 with k = 1 to obtain
‖(1 + t)r∇u(·, t)‖2L2 +
∫ t
0
‖(1 + τ)r∇u(·, τ)‖2L2 dτ ≤ C
(
‖∇u0‖
2
L2 +
∫ t
0
‖(1 + τ)r∇v(·, τ)‖2L2 dτ
)
≤ C
(
X0(s) + ‖v0‖
2
L1
)
.
(4.3)
As a consequence, we apply (4.2) and (4.3) to Lemma 4.3 with k = 1 to yield
‖(1 + t)r∇v(·, t)‖2L2 +
∫ t
0
‖(1 + τ)r∇2v(·, τ)‖2L2 dτ
≤ ‖∇v0‖
2
L2 + C
(∫ t
0
‖(1 + τ)r∇u(·, τ)‖2L2 dτ +
∫ t
0
‖(1 + τ)r∇v(·, τ)‖2L2 dτ
)
≤ C
(
X0(s) + ‖v0‖
2
L1
)
.
(4.4)
This again leads to
‖(1 + t)r∇2u(·, t)‖2L2 +
∫ t
0
‖(1 + τ)r∇2u(·, τ)‖2L2 dτ
≤ C
(
‖∇2u0‖
2
L2 +
∫ t
0
‖(1 + τ)r∇2v(·, τ)‖2L2 dτ
)
≤ C
(
X0(s) + ‖v0‖
2
L1
)
(4.5)
due to Lemma 4.2 with k = 2. Hence, we combine (4.2)-(4.5) to assert that (4.1) holds when ℓ = 1.
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Now, we assume that (4.1) holds for some s > ℓ = m ≥ 1. Then, Lemma 4.3 with k = m+ 1 ≤ s gives
‖(1 + t)r∇m+1v(·, t)‖2L2 +
∫ t
0
‖(1 + τ)r∇m+2v(·, τ)‖2L2 dτ
≤ ‖∇m+1v0‖
2
L2 + C
m+1∑
ℓ=1
(∫ t
0
‖(1 + τ)r∇ℓu(·, τ)‖2L2 dτ +
∫ t
0
‖(1 + τ)r∇ℓv(·, τ)‖2L2 dτ
)
≤ C
(
X0(s) + ‖v0‖
2
L1
)
.
(4.6)
Next, we apply (4.6) to Lemma 4.2 with k = m+ 2 ≤ s+ 1 to obtain
‖(1 + t)r∇m+2u(·, t)‖2L2 +
∫ t
0
‖(1 + τ)r∇m+2u(·, τ)‖2L2 dτ
≤ C
(
‖∇m+2u0‖
2
L2 +
∫ t
0
‖(1 + τ)r∇m+2v(·, τ)‖2L2 dτ
)
≤ C
(
X0(s) + ‖v0‖
2
L1
)
.
(4.7)
Thus, we combine (4.6) and (4.7) with the induction hypothesis to assert that (4.1) holds when ℓ = m+1 ≤ s.
This completes the inductive argument and gives the desired result. 
In the following two lemmas, we provide the estimates for v and u in L∞(0, T ; H˙s+1(Rd))∩L2(0, T ; H˙s+2(Rd))
and L∞(0, T ; H˙s+2(Rd)) ∩ L2(0, T ; H˙s+2(Rd)), respectively, which are uniform in T .
Lemma 4.4. There exists a constant C > 0 independent of T such that
‖∇s+1v(·, t)‖2L2 +
∫ t
0
‖∇s+2v(·, τ)‖2L2 dτ ≤ C
(
X0(s) + ‖v0‖
2
L1
)
.
Proof. Straightforward computation yields
1
2
d
dt
‖∇s+1v‖2L2 + ‖∇
s+2v‖2L2
= −
∫
Rd
(
∇s+1(v · ∇v)− v · ∇(∇s+1v)
)
∇s+1v dx−
∫
Rd
∇s(ρ(u− v))∇s+2v dx
≤ C‖∇v‖L∞‖∇
s+1v‖2L2 + ‖∇
s(ρ(u − v)‖L2‖∇
s+2v‖L2
≤ C‖∇s+1v‖2L2 + C‖∇
s+2v‖L2 (‖ρ‖L∞‖∇
s(u − v)‖L2 + ‖∇
sρ‖L2‖u− v‖L∞)
≤ C‖∇s+1v‖2L2 +
1
2
‖∇s+2v‖2L2 + C
(
‖u‖2Hs + ‖v‖
2
Hs
)
,
where we used Sobolev inequality and Young’s inequality. Thus, we integrate the above relation with respect
to t and use Proposition 3.1, Lemma 4.1 and Corollary 4.1 to get
‖∇s+1v(·, t)‖2L2 +
∫ t
0
‖∇s+2v(·, τ)‖2L2 dτ
≤ ‖∇s+1v0‖
2
L2 + C
∫ t
0
‖∇s+1v(·, τ)‖2L2 dτ + C
∫ t
0
(
‖v(·, τ)‖2L2 + ‖u(·, τ)‖
2
L2
)
dτ
+ C
∫ t
0
‖∇v(·, τ)‖2Hs−1 dτ + C
∫ t
0
‖∇u(·, τ)‖2Hs−1 dτ
≤ C
(
X0(s) + ‖v0‖
2
L1
)
+ C
∫ t
0
‖(1 + τ)1/2∇v(·, τ)‖2Hs−1 dτ + C
∫ t
0
‖(1 + τ)1/2∇u(·, τ)‖2Hs−1 dτ
≤ C
(
X0(s) + ‖v0‖
2
L1
)
,
which implies the desired estimate. 
Lemma 4.5. There exists a constant C > 0 independent of T such that
‖∇s+2u(·, t)‖2L2 +
∫ t
0
‖∇s+2u(·, τ)‖2L2 dτ ≤ C(X0(s) + ‖v0‖
2
L1).
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Proof. Directly from the momentum equation in the Euler part of (1.1), we obtain
1
2
d
dt
‖∇s+2u‖2L2 = −
∫
Rd
(
u · ∇(∇s+2u)
)
∇s+2u dx−
∫
Rd
(
∇s+2(u · ∇u)− u · ∇(∇s+2u)
)
∇s+2u dx
−
∫
Rd
∇s+2(u− v)∇s+2u dx
≤ C‖∇u‖L∞‖∇
s+2u‖2L2 −
1
2
‖∇s+2u‖2L2 + ‖∇
s+2v‖2L2
≤ −
(
1
2
− Cε1
)
‖∇s+2u‖2L2 + ‖∇
s+2v‖2L2 ,
where C is independent of T . Since ε1 is sufficiently small, we can choose 1/2− Cε1 > 1/4. Thus, we use
Corollary 4.1 to get
‖∇s+2u(·, t)‖2L2 +
∫ t
0
‖∇s+2u(·, τ)‖2L2 dτ
≤ ‖∇s+2u0‖
2
L2 + C
∫ t
0
‖∇s+2v(·, τ)‖2L2 dτ ≤ C
(
X0(s) + ‖v0‖
2
L1
)
.
This concludes the desired result. 
We now estimate the fluid density ρ. We first show the uniform-in-time estimate on the upper bound
for ρ, and then present the lower bound estimate. In particular, the lower bound estimate implies that the
vacuum state cannot occur.
Lemma 4.6. There exists a constant C > 0 independent of T such that
‖ρ(·, t)‖Hs ≤ ‖ρ0‖Hs exp
(
C
(√
X0(s) + ‖v0‖L1
))
.
Proof. We first start with the L2-estimate of ρ. Straightforward computation gives
1
2
d
dt
‖ρ‖2L2 = −
∫
Rd
∇ · (ρu)ρ dx =
1
2
∫
Rd
u · ∇|ρ|2 dx ≤
1
2
‖∇ · u‖L∞‖ρ‖
2
L2.
For 1 ≤ k ≤ s, we use Lemma 2.1 to obtain
1
2
d
dt
‖∇kρ‖2L2 = −
∫
Rd
∇(∇kρ) · u ∇kρ dx−
∫
Rd
(
∇k(∇ρ · u)−∇(∇kρ) · u)
)
∇kρ dx
−
∫
Rd
ρ∇k(∇ · u)∇kρ dx−
∫
Rd
(
∇k(ρ∇ · u)− ρ∇k(∇ · u)
)
∇kρ dx
≤
1
2
‖∇u‖L∞‖∇
kρ‖2L2 + C‖∇
k(∇ρ · u)−∇(∇kρ) · u)‖L2‖∇
kρ‖L2
+ ‖ρ‖L∞‖∇
k+1u‖L2‖∇
kρ‖L2 + C‖∇
k(ρ∇ · u)− ρ∇k(∇ · u)‖L2‖∇
kρ‖L2
≤ C‖∇u‖L∞‖∇
kρ‖2L2 + C‖∇ρ‖L∞‖∇
ku‖L2‖∇
kρ‖L2 + ‖ρ‖L∞‖∇
k+1u‖L2‖∇
kρ‖L2
≤ C‖∇u‖Hs‖ρ‖
2
Hs ,
where C is independent of T and we used
‖ρ‖W 1,∞ . ‖ρ‖H[d/2]+2 . ‖ρ‖Hs−([d/2]−1) . ‖ρ‖Hs
due to Lemma 2.1 (ii).
Now, we gather all the results to yield
d
dt
‖ρ‖2Hs ≤ C‖∇u‖Hs‖ρ‖
2
Hs ,
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where C is independent of T . We use Gro¨nwall’s lemma and Corollary 4.1 to obtain, for some α ∈ (1/2, 3/4),
‖ρ(·, t)‖Hs ≤ ‖ρ0‖Hs exp
(
C
∫ t
0
‖∇u(·, τ)‖Hs dτ
)
≤ ‖ρ0‖Hs exp
(
C
(∫ t
0
‖(1 + τ)α∇u(·, τ)‖2Hs dτ
)1/2 (∫ t
0
(1 + τ)−2α dτ
)1/2)
≤ ‖ρ0‖Hs exp
(
C
(√
X0(s) + ‖v0‖L1
))
,
which gives the desired result. 
For the lower bound estimate of ρ, we define a backward characteristic flow η = η(x, t) by
∂sη(x, t) = u(η(x, s), s) with η(x, t) = x.
Note that η is well-defined due to the strong regularity on u.
Lemma 4.7. There exists a constant C > 0 independent of T such that
ρ(x, t) ≥ ρ0(η(x, 0)) exp
(
−C
(√
X0(s) + ‖v0‖L1
))
> 0.
Proof. It follows from the continuity equation in (1.1) that
∂sρ(η(x, s), s) = −(∇ · u)(η(x, s), s)ρ(η(x, s), s),
and this gives
ρ(x, t) = ρ0(η(x, 0)) exp
(
−
∫ t
0
(∇ · u)(η(x, τ), τ) dτ
)
.
On the other hand, similarly as in the proof of Lemma 4.6, we estimate∣∣∣∣∫ t
0
(∇ · u)(η(x, τ), τ) dτ
∣∣∣∣ ≤ ∫ t
0
‖∇u(·, τ)‖L∞ dτ ≤ C
∫ t
0
‖∇u(·, τ)‖Hs dτ ≤ C
(√
X0(s) + ‖v0‖L1
)
.
Hence we have
ρ(x, t) ≥ ρ0(η(x, 0)) exp
(
−C
(√
X0(s) + ‖v0‖L1
))
,
where C > 0 is independent of T . 
Finally, we combine all the previous results to prove Proposition 4.1
Proof of Proposition 4.1. Lemma 4.6 directly implies
sup
0≤t≤T
‖ρ(·, t)‖2Hs ≤ C‖ρ0‖
2
Hs ≤ C
(
X0(s) + ‖v0‖
2
L1
)
. (4.8)
Next, Lemma 4.1, Corollary 4.1, and Lemma 4.4 yield
sup
0≤t≤T
‖u(·, t)‖2Hs+2 ≤ sup
0≤t≤T
(
‖u(·, t)‖2L2 + ‖∇
s+2u(·, t)‖2L2 + ‖∇u(·, t)‖
2
Hs
)
≤ sup
0≤t≤T
(
‖u(·, t)‖2L2 + ‖∇
s+2u(·, t)‖2L2 + ‖(1 + t)
1/2∇u(·, t)‖2Hs
)
≤ C
(
X0(s) + ‖v0‖
2
L1
)
.
(4.9)
Similarly, we use Proposition 3.1, Lemma 4.5, and Corollary 4.1 to get
sup
0≤t≤T
‖v(·, t)‖2Hs+1 ≤ C
(
X0(s) + ‖v0‖
2
L1
)
. (4.10)
Thus, we collect (4.8), (4.9) and (4.10) to conclude the desired result. 
Now, we proceed to the proof of Theorem 1.1 in the following two subsections.
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4.2. Global-in-time existence of classical solutions. Let us first take into account the global-in-time
existence part in Theorem 1.1. We choose a positive constant ε1 ≪ 1 sufficiently small so that it satisfies
the required smallness condition in Lemma 4.1 and Lemma 4.2. Then, assume that
X0(s) + ‖v0‖
2
L1 ≤
ε21
2(1 + C∗)
,
where C∗ > 0 appeared in Proposition 4.1. Then we set
S :=
{
T ≥ 0 | X(s;T ) < ε21
}
.
By the local-in-time existence theorem in Theorem 2.1, the set S is non-empty. Now, we argue by contra-
diction to show supS =∞. Assume that T ∗ := supS <∞. Then we have
ε21 = lim
t→T∗−
X(s; t) ≤ C∗
(
X0(s) + ‖v0‖
2
L1
)
≤
C∗
2(1 + C∗)
ε21 ≤
ε21
2
,
which leads to a contradiction. This implies T ∗ =∞, and hence the classical solution obtained in Theorem
2.1 globally exists.
4.3. Large-time behavior of solutions. In this part, we provide the details on the large-time behavior
estimate in Theorem 1.1. We separately consider zeroth-order and higher-order estimates as follows.
⋄ (Zeroth-order estimates) Since we now have ‖ρ‖L∞(Rd×R+) <∞, we can repeat the procedure in Proposition
3.1 so that the relation (3.3) actually holds for all t ≥ 0. Thus we obtain∫
Rd
ρ|u|2(x, t) dx +
∫
Rd
|v(x, t)|2 dx ≤
C
(1 + t)α
∀ t ≥ 0
for every α ∈ (0, d/2). For the L2-norm of u, we use the above decay estimate and Lemma 4.1 to find
d
dt
‖u‖2L2 + ‖u‖
2
L2 ≤ 2‖v‖
2
L2 ≤
C
(1 + t)α
.
Then applying the Gro¨nwall’s lemma gives
‖u(·, t)‖2L2 ≤ ‖u0‖
2
L2e
−t + Ce−t
∫ t
0
es
(1 + s)α
ds.
On the other hand, we estimate∫ t
0
es
(1 + s)α
ds =
∫ t/2
0
es
(1 + s)α
ds+
∫ t
t/2
es
(1 + s)α
ds
≤
∫ t/2
0
es ds+
1
(1 + t/2)α
∫ t
t/2
es ds
= et/2 − 1 +
et − et/2
(1 + t/2)α
.
Thus we have
‖u(·, t)‖2L2 ≤ ‖u0‖
2
L2e
−t + C
(
e−t/2 − e−t
)
+ C
1− e−t/2
(1 + t/2)α
≤
C
(1 + t)α
∀ t ≥ 0
for some C > 0 independent of t.
⋄ (Higher-order estimates) If d = 3, then Corollary 4.1 directly implies
‖∇u(·, t)‖2Hs + ‖v(·, t)‖
2
Hs ≤
C
(1 + t)α
∀ t ≥ 0
for α ∈ (0, 3/2). On the other hand, if d ≥ 4, it is required to reinvestigate the arguments in Lemma 4.2. In
this case, we choose r ∈ (0, d/4) and follow the argument in the proof of Lemma 4.2 to deduce
1
2
d
dt
‖(1 + t)r∇ku‖2L2
≤ −(1− Cε1)‖(1 + t)
r∇ku‖2L2 + ‖(1 + t)
r∇ku‖L2‖(1 + t)
r∇kv‖L2 +
r
1 + t
‖(1 + t)r∇ku‖2L2
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for 1 ≤ k ≤ s+ 1. In order to control the last term on the right hand side of the above inequality, we need
to consider a large time. More precisely, if t ≥ Td := d/3− 1, then we get
r
1 + t
<
d
4(1 + Td)
=
3
4
.
This yields
1
2
d
dt
‖(1 + t)r∇ku‖2L2 ≤ −(1/4− Cε1)‖(1 + t)
r∇ku‖2L2 + ‖(1 + t)
r∇ku‖L2‖(1 + t)
r∇kv‖L2
≤ −(1/8− Cε1)‖(1 + t)
r∇ku‖2L2 + 2‖(1 + t)
r∇kv‖2L2
≤ −
1
16
‖(1 + t)r∇ku‖2L2 + 2‖(1 + t)
r∇kv‖2L2 ,
where we used the smallness of solutions to have 1/8−Cε1 > 1/16. Thus, by integrating the above inequality
over the time interval [Td, t], we obtain
‖(1 + t)r∇ku(·, t)‖2L2 +
∫ t
Td
‖(1 + τ)r∇ku(·, τ)‖2L2 dτ
≤ ‖(1 + τ)r∇ku(·, τ)‖2L2
∣∣∣∣
τ=Td
+ C
∫ t
Td
‖(1 + τ)r∇kv(·, τ)‖2L2 dτ
≤ C
(
X0(s) + ‖v0‖
2
L1
)
+ C
∫ t
Td
‖(1 + τ)r∇kv(·, τ)‖2L2 dτ.
Similarly, we can also derive the following inequality by using the argument in the proof of Lemma 4.3:
‖(1 + t)r∇kv(·, t)‖2L2 +
∫ t
Td
‖(1 + τ)r∇k+1v(·, τ)‖2L2 dτ
≤ ‖(1 + τ)r∇kv(·, τ)‖2L2
∣∣∣∣
τ=Td
+ C
k∑
ℓ=1
(∫ t
Td
‖(1 + τ)r∇ℓu(·, τ)‖2L2 dτ +
∫ t
Td
‖(1 + τ)r∇ℓv(·, τ)‖2L2 dτ
)
for t ≥ Td, 1 ≤ k ≤ s and r ∈ (0, d/4). On the other hand, Proposition 3.1 implies∫ t
Td
‖(1 + τ)r∇v(·, τ)‖2L2 dτ ≤
∫ t
0
‖(1 + τ)r∇v(·, τ)‖2L2 dτ ≤ C
(
X0(s) + ‖v0‖
2
L1
)
for t ≥ Td and r ∈ (0, d/4). We finally proceed by induction as Corollary 4.1 to get
‖(1 + t)r∇u(·, t)‖2Hs + ‖(1 + t)
r∇v(·, t)‖2Hs−1
+
∫ t
Td
‖(1 + τ)r∇u(·, τ)‖2Hs dτ +
∫ t
Td
‖(1 + τ)r∇v(·, τ)‖2Hs dτ
≤ C
(
X0(s) + ‖v0‖
2
L1
)
for r ∈ (0, d/4) and t ≥ Td. For t ≤ Td, the solutions (u, v) are bounded in C([0, Td];H
s+1(Rd)) ×
C([0, Td];H
s(Rd)), thus we can find a constant C depending on Td such that
‖(1 + t)r∇u(·, t)‖2Hs + ‖(1 + t)
r∇v(·, t)‖2Hs−1 ≤ C
(
X0(s) + ‖v0‖
2
L1
)
for all t ∈ [0, Td]. Combining the above two estimates completes the proof.
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